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Introduction

» Convex minimization problems (CMP) play a central role in
various areas of applied mathematics and data science.

» They arise in numerous domains such as image restoration,
signal processing, medical data classification, and machine
learning.

» Over time, many researchers have proposed and developed a
range of iterative methods for solving CMP (see [1, 2, 3, 4, 5, 6]).

> Let S be areal Hilbert space and ¥ : S - RU {+oo} be a
proper, lower-semicontinuous and convex function. The CMP is
to find & € S such that

0c Vo(ir) + 0%(i), (1)



where ® : S — RU {+oo} is convex and differentiable on S.

If V®(i)= 0, then problem (1) reduces to finding &t € S such that
0 € dU(i).

Various methods such as the proximal point method, the
forward-backward splitting method, the projected
forward-backward splitting method, and the forward-backward
method have been developed by many researchers to solve

convex minimization problems.

The problem (1) is equivalent to the following fixed point problem:

x* = (proxyou(l — yV))x™. (2)
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» According to the above fixed point equation, we can immediately
get the well-known Proximal Gradient Method (in short, PGM)

algorithm for solving (1) as follows:

Xnt1 = (proxy,ou(I — 7, V®))x,, (3)

1
where prox.,,sw (x) = argmin,cs {\Il(u) + 5 ||ue x||2} and the
8l

n

stepsize {~,} is a sequence of positive real numbers.
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» In 2009, Beck and Teboulle [4] introduced the fast iterative
shrinkage-thresholding algorithm for linear inverse problem
(FISTA). Let go = 1 and so = s; € H. Compute

14+ /1+44_,

qk+1 = 3
qr—1 — 1
Be=——,
g qk (4)

up = Sk + Br(sk — sk—1),

1
Skt1 :prox{q,(uk - ZVCI)(uk)),k > 1.
» This inclusion of the inertial term u; = s; + Bi(sx — sxk—1) improves
the convergence speed of (3).

» The authors established a weak convergence of their iterative

method.



» Guo and Cui [17] proposed the following modified proximal
gradient method (MPGM) for solving CMP (1) as follows

X1 = agf () + (1 — o) proxyw (I = V) (x) +e(x),  (5)

where {a;} € 0,1], 0<a=infy N <N <2, f:H—Hisa
contraction and e : H — H is a perturbation operator satisfying
éne(xk)n < +00.

» They obtained a strong convergence theorem for the sequence
generated by (12) for approximating solution to (1) in a real
Hilbert space.

» Also, in 2000, Tseng [29] proposed a modified forward-backward
algorithm (MFB) via the stepsizes with linesearch technique as

follows



> Given¢ > 0,0€ (0,1),0 € (0,1) and x; in H. Compute

Vi = proxyw (X — M VP (xr)),
X1 = Yk — M(VO(y) — VO (xi)), k> 1

where )\, is the largest \ € {§7§Q7§92, } satisfying
M| IV@ (i) = VO (x| < [lye — x] -

» Mokaba et al. proposed the following modified forward-backward
splitting method (MFBSM) for solving CMP (1). Given 3; > 0 and
p € (0,1). Let xo,x; € H be two initial points and set k = 1.



» Step 1: Compute

we = 2k + 0(xx — x—1),
e = Xk + Tk (0 — Xe—1),
Vi = prox,\kq,(l — Bqu))tk.

where

mm{ pllte =yl
Bip1 = V(1) = VO (yi)|

Br + Ar , otherwise.

} i V(1) # V().

If yv = 1 , then stop. Otherwise proceed to the next step.
Step 2: Compute

L1 = Yk + Be(VO(t) — VO(yx))

Step 3: Compute

X1 = (1= m)we + mez,
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» Over the past decades, several results that were initially
developed in linear spaces for solving problems such as
equilibrium problems, variational inequalities and convex
minimization problems have been extended to nonlinear setting,
particularly to Hadamard manifolds.

» This shift is primarily due to the fact that certain problems cannot
be properly formulated within linear spaces and instead require a
manifold structure.

» The study of convex minimization problems in nonlinear spaces
have proven to be highly valuable for computing medians and
means of trees, which play a crucial role in fields such as
computational phylogenetics, diffusion tensor imaging,
consensus algorithms, and modeling of airway systems in human

lungs and blood vessels.



» Therefore, nonlinear spaces, particularly Hadamard manifold
provide a more appropriate framework for solving optimization
problems than in linear spaces.

» Let S be a nonempty, closed geodesic convex subset of a
Hadamard manifold M, 7,M is the tangent space of M at u € M
and 7M is the tangent bundle of M. Then, we are interested in
the following CMP, which is to find u € S such that

0 € VO(u) + 0 (u), (7)

where V®(u) € T,M is the Riemannian gradient of ®,
0¥ (u) C T,M is the subdifferential of ¥ at u and zero is the zero
vector in the tangent space 7, M.

» In 2019, Ansari and Babu [7] proposed the following proximal
point algorithm (for short, PPA) for solving CMP (7) as follows:

choose uy € M and compute ! such that
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1
0€ (™) + Ry VO (uF) — " expt b, VkeN (8)
k

where & is differentiable and Lipschitz continuous, X € (0, +00)
is the sequence of real numbers, R« ,« is the parallel transport

from 7,M to 7:M, and exp is the exponential map.

» A convergence result was proved for the sequence produced by
(8) to a solution of the CMP (7).
Review of CMP on Hadamard manifold
Ferreira and Oliveira [19] are one of the first researchers to
introduce the convex minimization problem from linear spaces to
nonlinear spaces, particularly the Hadamard manifold.
In 2021, Khammahawong et al.[7] proposed Tseng’s methods for

convex minimization problem in Hadamard manifold as follows:



Algorithm
Initialization: Choose v > 0,1 € (0,1) and A € (0,1). Letwy € M be
an initial point.

lterative step: Given w, € C, calculate wy, by
Step 1: Compute q; such that

1
0€ 0¥(zk) + Ry, VO (i) — " exp;1 uy,
k
where By is chosen to be the largest 3 € {~,~1,~?,...} satisfying
BlIRz 0,V @ (i) — VO(2i)|| < Ad(uag, 2). ©)

If zx = u;, then stop and uy, is a solution to CMP (10). Otherwise

Step 2: Compute

Wit 1 = exp,, (Be(Ryu, VO (i) — VO(z1))).



Algorithm

Initialization: Choose v > 0,1 € (0,1) and A € (0,1). Letwy, € M be

an initial point.

Iterative Step: Given w; € C, calculate w; | by

Step 1: Compute g, such that

1
0€ 0¥(zk) + Ry VO (i) — " exp;k1 uy,
k

If i = uy then stop and ;. is a solution to CMP (10). Otherwise

Step 2: Compute

Wik41 = eszk (ﬁk(RZM”AV@(Mk) - V(I)(Zk)))

and

min { Ad(uk, 20)
Tht1 = HRZMMA-V(I)(uk) - Vo

— } i |Rey o V(1) — VB(z0)]| £ 0

Tk ,otherwise.
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» The beauty of iterative method is not only in approximating
solutions of optimization problems but also the rate at which they

converge.

» In order to speed up the rate of convergence of iterative

methods, several authors have employed the inertia technique.

> It serves as a powerful tool to accelerate the convergence of
iterative algorithms, making it a cornerstone in the field of
optimization.

» Celebrated for its remarkable ability to enhance the speed at
which these iterative methods reach their solutions, this
technique was first introduced by the influential mathematician
Polyak [8] to tackle the challenges of smooth convex optimization

problems (see [9, 10, 11])
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» In previous studies, there has been discoveries of using the one
step inertia technique for the convergence of iterative methods
although it has a limitation. Its limitation is that it may not

preserve the Fejer monotonicity of the sequence it generates.

» Recently, some results on multi-step inertial methods for solving
certain optimization problems have been studied in (see
[18, 14, 15]).

» In [16], Polyak discussed that the numerical iteration method with
multi-step inertial extrapolation steps could improve the speed of
convergence of such methods for solving optimization problems
even though neither the convergence analysis nor the rate of
convergence result of such multi-step inertial methods are
established in [16].
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Preliminaries

Some Important Definitions

Definition

A Hadamard manifold is a complete Riemannian manifold that is

simply connected and has nonpositive sectional curvature.

Definition

A function f : Ml — (—o0, 0] is called:

(i) convey, if for any geodesic ¢ in M, the composition function
fo¢:R — (—o0,+00] is a convex, that is
(fog)(ta+ (1 —1)b) < i(f os)(a)+ (1 —1)(f o5)(b),

foranya,be Rand 0 <t < 1.

(ii) proper, if D(f) # 0 and for all p € D(f), we have f») >—oo:



(iii) lower-semicontinuous on M, if and only if epi(f) is a closed

subset of M x R, where epi(f) is the epigraph denoted by
{(x,3) e M x R : f(x) < S}

Definition
A vector-field ® € U(S) is said to be:

(i) monotone, if for any x,y € M
(®(x), exp; ' y) < (D(y), — expy ' x);
(ii) L-Lipschitz continuous, if there is L > 0 such that

[Rey®(y) — @(x)|| < Ld(x,y) Vx,y € M.
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Definition
A vector-field ¥ € X (S) is said to be:

(i) monotone, if for any p,q € D(¥)
(w,exp;l q) < {u,— exp‘,j1 q),YweU(p)andV uc V(q).

(i) maximal monotone if it is monotone andVp € S andw € T,M,

the condition
<W7 exp;l Q> < <M, - exp;l q>7

Vg€ D(¥)andV u € ¥(q) imply thatw € ¥(p).
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Main Results

Initialization: Given § € (0,1) 0 > 0,/ € (0,1),a¢ > 0 and n, € [0, 1].
Iterative Step: Let u°, u' € M and compute u**! as follows:
Step 1: Calculate the inertial step:
WK = exp(—au exp,, LY and 7 = exp (e exp;kl ub). (10)
Step 2: Find y* in M satisfying
0 € OV(Y) + Ry VB(Z) — Eexp b (11)
where g, = ol and n; is the smallest positive number such that:
BllVE(F) — Ry VO()|| < 80, ). (12)
Step 3: Compute the u**! step

Ukt = €XPyk (ﬂk(Ryk7sz‘I)(Zk) - vq)(yk)))' (13)
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Set k := k + 1 and return to Step 1.
Numerical Example
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Conclusion

In this paper, we introduced an alternating modified proximal point
algorithm together with a dynamic step size, which incorporates the
self-adaptive step size and Armijo linesearch to approximate the
solution of monotone inclusion problem in Hadamard manifold. We
established a convergence result of the proposed method under the
condition that one of the vector fields is monotone and L— Lipschitz

continuous.
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