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What Is an Optimization Problem?

At the most basic level, an optimization problem consists of:

a search space B; an objective function. f : B → R

The general problem is

min
x∈B

f (x)

These two objects completely specify the optimization problem.



What structure does the search space have

min
x∈B

f (x)

Question:

What if B = Rn.

This naturally introduces the Euclidean optimization.



Euclidean optimization

Once our search space is Rn, we inherit a lot of useful structure. We

know how to measure distances, angles, directions, and we can

calculate gradients and Hessians



Euclidean Optimization

The classical unconstrained problem is

min
x∈Rn

f (x)

.

When f is differentiable, Euclidean geometry provides:

∇f (x) and, when twice differentiable, ∇2f (x).



Euclidean Optimization continuous...

These objects form the foundation of methods such as:

(i) Gradient descent

(ii) Newton’s method

(iii) Conjugate-gradient methods

(iv) Momentum and inertial methods



Gradient Descent

xk+1 = xk − αk∇f (xk)

The gradient tells us the direction of steepest ascent. Therefore, if our

objective is minimization, we move in the opposite direction.

But how far should we move?



Example

f (x, y) = x2 + 4y2

with

∇f (x, y) =

2x

8y

 .

If we are standing at

(4, 1)

in which direction should we move.



Example continuous

∇f (4, 1) =

8

8

 .

The descent direction is

−∇f (4, 1) =

−8

−8

 .



The problem with gradient descent



Inertia: learning from the previous step

Can we use information from where we came from?

Polyak [4].

xk+1 = xk − αk∇f (xk) + β(xk − xk−1). (1)

The last term is an inertial term. Instead of completely forgetting our

previous movement, we allow the algorithm to carry some momentum

into the next iteration.



Extension of optimization on manifold

The search space is smooth manifold :

B = M

Then we can redefine our problem as follows

min
x∈M

f (x)

One thing nice that we can do is to add structure on M to turn it into

Riemannian manifold.



What is manifold

Definition
[9, 8] A manifold is a space that locally looks like Euclidean space.



Riemannian geometry

To clearly explore the Riemannian structure, it is essential to begin by

understanding how distance between two points is defined in a

Riemannian manifold. Unlike in Euclidean space, where distance is

measured by straight lines, a Riemannian manifold may be curved,

and the shortest path between two points must follow the manifold’s

geometry. This path is known as a geodesic, it is determined by the

Riemannian metric, which assigns an inner product to each tangent

space and enables the computation of lengths and angles.



Tools needed on manifold: Riemannian Metric, Tangent

vector, Tangent space, Retraction.

Rx : TxM → M

such that

1. Rx(0) = x (the zero tangent vector maps back to the point itself),

and

2. The differential at 0 satisfies dRx(0) = idTxM



The sphere as our first example

We now consider the unit sphere, defined by

Sn−1 = {x ∈ Rn : ||x||2 = xTx = 1}

What is the tangent space of Sn−1

At a point x, the tangent space is the set of all vectors that are

perpendicular to x, Mathematically

TxSn−1 = {v ∈ Rn : xTv = 0}

So, clearly, the tangent space is like a flat ground, and all the

operations that we can perform in Euclidean space can also be

performed on this space and then mapped back to the manifold.



Retraction on the sphere

Given x ∈ Sn−1 and a tangent vector v ∈ TxM, a common retraction is

Rx(v) =
x + v

||x + v||
.

This maps x + v back into the sphere by normalization. It satisfies

Rx(0) = x, and its differential at zero is the identity.



How do we move.

We now know the direction in which to move. But there is another

problem: the gradient belongs to the tangent space, while our

solution must belong to the manifold. How do we get back?

expx : TxM → M

then,

xk+1 = expxk
(−αkgrad f (xk))



Now we have two questions

Can we use previous information to accelerate the method?

Can we choose the step size automatically?



Thank you for you attention....
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